Although it is known that continued fraction convergents provide the 'best' rational approximations to the Golden Mean, there are faster methods to approximate q5. A faster method, often seen in the calculus, is the Newton-Raphson method; see Figure 1 . Given a starting "guess" To, compute T1, T2, ... using the formula Starting at To = 1, we get the sequence in Table 2,   TABLE 2 . For SI = 1 and S2 = 2, the sequence Sn is that shown by so it takes 6 iterations for the first 10 digits to stabilize. The phenomenon of interest to us is that the numbers Tn and Sn are all continued fraction convergents to q5-that is, all are on the list of iterates of 1 + I/x in (1). In Table 4 , we compare the iterates of 1 + 1 /x in Table 1 with the Newton-Raphson approximants in Table 2 and the Secant Method approximants in Table 3 . This operation is well defined on the extended real numbers R (i.e., the reals with oo appended) and is in fact commutative on R except in the 0/0 case; i.e., when xy = -1 and x + y = 1 or, equivalently, when x and y are the distinct zeros of x2 -x -1. One can see this geometrically as well; x 0D y is the result of applying the secant method to the function x2 -_x -1 with initial guesses x and y. The 0/0 case occurs when the secant line coincides with the x-axis or, equivalently, when the distinct numbers x and y are both zeros of the function x2 -x -1.
The "number" oo plays a special role here. Geometrically, x 0D oo is the limit of x 0D z as z approaches oo, which is where the vertical line through x intersects the xaxis-just x itself. That is, oo acts as an identity for 0D and any line through the point at infinity is vertical.
Assuming for the moment that 0D is associative, one may define lIO to be the n-fold "sum" of 1. Since x 0D 1 = 1 + l/x, the nth iterate of 1 + l/x is the n-fold sum of 1.
That is, However, since the secant method is geometric, perhaps we can find a geometric proof of associativity and perhaps it would shed some light on the problem. We now show the associativity of the 'addition' (2) arising from f(x) = x-2 x -1 (see Figure 5 ). The slope of f is unbounded (at oc) and it is through the 'point at infinity' that all secant lines are vertical (recall that oo acts as identity for 0D).
A GEOMETRIC VIEW. Our investigation is based on
For any real number x, let x-denote the point (x, f (x)). Given u, the points u, y 0D z, Our argument is valid for any function f whose graph is a conic section with unbounded slope. The requirement that the slope be unbounded allows a "virtual" point at oo such that secant lines through it are all vertical. In particular, f must be of the form The base field R is arbitrary and, since M6bius transformations are most commonly thought of as defined over the complex numbers C, we may consider the group G to be the set G = {z E C: f (z) : O} with group operation 0 and identity t. Then G is a Lie group that is homeomorphic to the Riemann sphere with one or two punctures. 6 . SOME EXAMPLES. 
March 2002] ASSOCIATIVITY OF THE SECANT METHOD
In Example A, we saw that the arctangent acts as a homomorphism and that this leads to a closed formula for the iterates of m. This is true for all of the examples A-E, and more (Table 5) There is a way to "add" nonsingular points on a cubic curve-the group law-and this method applied to our degenerate curves is exactly our secant addition. The usual proof that the group law is associative follows from the Cayley-Bacharach theorem, a celebrated generalization of Pascal's theorem; see [9] for details. A recent definitive treatment of the role of Pascal's theorem in the history of algebra, geometry, and algebraic geometry and a discussion of where these developments are leading is in [2] , where early parts are accessible to nonspecialists. (that is, the case f(x) = (ax2 + bx + c)/(dx + e) )? The answer, at least for functions f that are continuous from R to itself, is no; see [8] for a proof.
A heuristic proof (with many gaps) is as follows. Assuming associativity, Lemma 1 implies that f is meromorphic and so is a ratio of two power series. The group G defined in Section 5 is homeomorphic to a punctured Riemann sphere-the punctures correspond to the zeros of f. There can be at most two punctures since, otherwise, the fundamental group of the manifold G would be nonabelian. Hence the numerator of f is a polynomial of degree 2 or less. Each zero of the denominator of f corresponds to an 'identity' for G and since there is only one such identity, the denominator of f is linear.
Finally 
